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(4) GW APPROXIMATION STUDY OF COMPTON PROFILES OF SOME TRANSITION METAL OXIDES AND SEMICONDUCTORS ABSTRACT. Ground state Density Functional Theory (DFT) calculations via the Localized Density Approximation (LDA) functional has shortcomings in explaining experimental Compton profiles, typically seen in disagreement of the lower momenta regions as a. al ay a. result of an incomplete description of correlation effects. In constructing the momentum densities via the LDA functional, which will subsequently be used to construct the Compton profiles, the input required is the occupation number density which is dependent on the initialized state. Obtaining the band structure, we can confirm the. M. largest contributing orbitals to the momentum density. Knowledge of the contributing orbital states alone is inadequate to completely explain the shortcomings behind the. of. LDA momentum density. Using the GW (Green's function-Dielectric screening) Approximation, the momentum density is constructed from the spectral function which. ity. is a Lorentzian as a function of self-energy. This self-energy term itself is dependent on. rs. the dielectric screening term. In this work, Compton profiles constructed via the GW Approximation will be shown to provide not only greater insight via the dielectric. ve. screening and self-energy terms, it will also provide better agreement to experiment. ni. compared to the LDA Compton profiles. In our study of NiO, we observe that the sum of absolute values of the difference profiles is smaller in the case of GWA compared to. U. LDA indicating generally better agreement. For TiO2, we observe that the GWA reproduces a smaller difference profile at higher momenta compared to LDA. To further investigate the well known strongly correlated system NiO, we have compared it to other Mott insulators FeO and CoO. We observe that NiO has twice broadened spectral functions compared to FeO and CoO. This has been attributed to the twice larger dorbital contribution as observed in the partial density of states. The NiO momentum density is more occupied in the low momentum region compared to FeO and CoO and this confirms the role of NiO as a strongly correlated system. The amplitude of the iii. 

(5) anisotropy of NiO is seen to be larger than FeO and CoO. This is attributed to asymmetry of valence electron profiles induced by spectral functions and vertex corrections. In our study of ZnSe, we observe between 0-1.5 a.u, there is better agreement to the previous study via the GWA difference profile compared to the LDA difference profile.. U. ni. ve. rs. ity. of. M. al ay a. Keywords: Compton Profile, GW Approximation, Density Functional Theory. iv. 

(6) KAJIAN PENGHAMPIRAN GW KE ATAS PROFIL COMPTON UNTUK BERBERAPA OXIDA LOGAM PERALIHAN DAN SEMIKONDUKTOR ABSTRAK. Pengiraan teori fungsian ketumpatan keadaan (DFT) pada peringkat tenaga terendah melalui fungsian penghampiran ketumpatan keadaan setempat (LDA) memiliki kekurangan dalam menerangkan pemerhatian eksperimen profil Compton, di mana. al ay a. perbezaan dilihat pada bahagian momentum kecil disebabkan ketaksempurnaan penghuraian kesan korelasi. Dalam pembinaan ketumpatan keadaan momentum melalui fungsian LDA, yang akan seterusnya diguna untuk membina profil Compton, kemasukkan yang diperlukan adalah ketumpatan nombor penghunian yang bergantung. penyumbangan. orbital. terbesar. M. pada keadaan awal. Selepas memperolehi struktur jalur, kita boleh mengenalpasti kepada. ketumpatan. momentum.. Pengetahuan. of. penyumbang keadaan orbit sendiri tidak mencukupi untuk menerangkan kekurangan pada ketumpatan momentum LDA. Menggunakan penghampiran GW (fungsi Green-. ity. penghadang dielektrik), ketumpatan momenta dibina dari fungsi spektra yang. rs. merupakan fungsi Lorentzian yang bergantung pada swatenaga. Swatenaga ini pula bergantung pada penghadangan dielektrik. Di dalam kerja ini, profil Compton akan. ve. dibina dari penghampiran GW yang akan ditunjukkan memberi bukan sahaja gambaran. ni. yang lebih besar dengan penggunaan sebutan penghadangan dielektrik dan swatenaga, kita juga akan perolehi persetujuan yang lebih baik dengan eksperimen berbanding. U. profil Compton LDA. Di dalam pengajian NiO, kita perhati jumlah nilai mutlak profil bezaan lebih kecil dalam kes GWA berbanding LDA menunjukkan persetujuan lebih tinggi berbanding LDA. Bagi TiO2, kita perhati bahawa GWA menujukkan profil bezaan yang lebih kecil pada momenta tinggi berbanding LDA. Untuk menyelidiki sistem korelasi kuat NiO dengan lebih lanjut, kita membandingkannya dengan sistem penebat Mott yang lain seperti FeO dan CoO. Kita memerhati bahawa NiO memiki fungsi spektra yang dua kali lebih tebal berbanding FeO dan CoO. Ini disebabkan sumbangan orbital-d adalah dua kali ganda dalam NiO seperti yang dilihat dari ketumpatan keadaan v. 

(7) separa. Ketumpatan momenta NiO lebih dihuni di rantau momentum rendah berbanding FeO dan CoO dan ini mengesahkan peranan NiO sebagai sistem korelasi kuat. Amplitud anisotropi NiO dilihat lebih besar berbanding FeO dan CoO. Ini disebabkan asimetri profil elektron valens disebabkan fungsi spektra dan pembetulan verteks. Di dalam kajian ZnSe, kita perhatikan bahawa diantara 0-1.5 a.u, terdapat persetujuan lebih baik berbanding kajian sebelum ini dengan membanding profil bezaan GWA dan LDA.. U. ni. ve. rs. ity. of. M. al ay a. Kata Kunci: Profil Compton, Penghampiran GW, Teori Fungsian Ketumpatan. vi. 
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(19) CHAPTER 1 : INTRODUCTION. 1.1 Background. Understanding the bulk structure of matter is fundamental in the study of materials science and devices. The field of study that describes the fundamental properties of these bulk structures is Fermiology. It discusses the Fermi surface which is an abstract. al ay a. boundary in reciprocal space useful for predicting the thermal, electrical, magnetic, and optical properties of metals, semimetals, and doped semiconductors. It is well known that a probe of the Fermi surface is via Compton scattering (Bansil et al., 1997).. M. The Compton effect refers to the Doppler broadening of inelastically scattered x-ray radiation where information on the initial momentum density of recoiled electrons can. of. be obtained. A projection of this momentum density onto a line through the origin is defined as the Compton profile. Momentum density is defined as the probability to. ity. observe electrons with momentum p. Experimentally, this term can be obtained from. rs. performing an x-ray Compton scattering experiment in which the momentum density is reconstructed from the observed differential scattering cross section. Using intense. ve. synchrotron radiation allows to image a momentum density a few percent of the Fermi. ni. momentum. Specifically, the electron wavefunction in k-space is observed since it samples the bulk properties of the sample making it a very useful tool for studying the. U. Fermi surface, particularly studying quasiparticles. If the energy and momentum transfers of the probe energies are larger than the binding energies of the sample, in which the impulse approximation is obeyed, we can obtain quasiparticle peaks, satellite structure, discontinuity and renormalization factor from the momentum density which can be used to obtain insight on electron-electron correlation around the Fermi surface break. We describe in detail these topics in Section 2.1 of Chapter 2.. 1. 

(20) 1.2 Problem Statement and Objective. Theoretical studies of momentum densities takes into account valence energy bands, Fermi surface topology and breaks, electron correlation effects and character of wavefunctions. Discrepancies between experiment and theory are attributed to ignoring correlation effects in the independent particle model. Specifically, ground state calculations are able to explain the overall shape and fine structures of the observed. al ay a. profile but the momentum densities at the origin are greater than experimental values at the origin but opposite in the high momentum case and a renormalization of the height of break at the Fermi surface is seen. Overall, a momentum density resembling a step function is observed in accordance with the one electron approximation at zero. M. temperature. Excited state calculation on the other hand describes long range correlation effects and valence band narrowing due to the dynamical screening effects. These. of. effects broaden fine structures in the Compton profile which are observed to be sharper in the ground state. This makes the momentum density which is expected to follow a. ity. step function due to a non-interacting system be a continuous function. It is also. rs. possible to study individual spin states in which the Pauli exclusion principle can be observed. These traits make the Compton profile a sensitive test of validity of band. ve. structure calculations. The alkali and alkali-earth metals in particular have been actively. ni. studied for their correlation effects as they are closest to the homogeneous electron gas and have isotropic momentum distributions. The use of the GW Approximation is said. U. to improve the comparison to observation for the Compton profile (Schulke et al., 1996). Compton profiles for Li, Be, Na, Cr , Ni and Cu have been obtained from the GW Approximation. For shallow d-orbital systems such as transition metals, observation of these terms indicate a breakaway from an equilibrium ground state theory. This can be seen in momentum density calculations where it is observed that there is some agreement in high momentum region but discrepancies in the low momentum region. This problem has been improved with the Lam-Platzmann. 2. 

(21) correction. Nevertheless, the agreement of theory to experiment from using this correction shows small improvements. Furthermore, there seems to be the observation of fine structures in theoretical Compton profiles compared to experiment. We describe in detail these topics in Section 2.1-4 of Chapter 2.. 1.3 Scope of Calculations. al ay a. Nickel Oxide (NiO) has been widely studied as the prototypical system undergoing metal-insulator transition (Imada et al., 1998) and Titanium dioxide (TiO 2) has been widely studied as a wide bandgap semiconductor (O'regan et al., 1991). Recently, these oxides have been actively studied as resistive random access memories (ReRAM). M. sandwich layer. ReRAMs have emerged as a strong candidate to replace FLASH-based memories as the need to construct integrated circuits go beyond the CMOS architecture.. of. In studies concerning these systems, the transition metal oxide is treated as an ion conducting layer and is sandwiched between two inert metal electrodes. The mechanism. ity. behind its operation is named resistive switching. It is achieved by the formation and. rs. destruction of a conductive filament in the dielectric between two electrodes (Akinaga et al., 2010). The device works by firstly having the insulating switching material be in. ve. a high resistance state. By applying the electroforming voltage, a conductive filament is. ni. formed which creates a low resistance state. When a lower voltage is applied, the conductive filament is destroyed and the device is returned to a high resistance state. U. (Jeong et al., 2012). The central tools used to visualize the conductive filament in all these studies start with the Kohn-Sham electron wave function obtained from a first principles density functional theory calculation, followed by the electron localization function which measures the likelihood to find an electron near a reference electron at a given point with the same spin (Becke et al., 1990). This would then be used to perform the Bader charge density analysis which is an algorithm to integrate the electronic charge density around ions (Bader, 1990). This method however neglects strongly. 3. 

(22) correlated effects which is relevant to the study of charge transfer. This is because the construction of the charge density from a ground state calculation with a Hubbard term, U as has been the case in the above mentioned studies will not adequately take into account electron correlation commonly studied as self-energy effects. Its importance has been highlighted by Peng (Peng et al., 2012) who has determined that strongly correlated effects in a NiO supercell affect transport properties during resistive switching. Other highlights regarding correlation effects include the construction of. al ay a. other beyond CMOS devices, for example the application of VO 2 to construct a metal insulator transition tunnel junction (Martens et al., 2012; Huefner et al., 2014). Studying the momentum density instead of just the charge density of these oxides should provide a more accurate description of the charge transfer. In Section 4.1 of. M. Chapter 4, we firstly calculated the excited state and ground state band structure calculations for NiO and TiO2. We then calculated the Fermi energy and Fermi momenta. of. which will be subsequently used to obtain the spectral functions. These functions will be used to obtain the momentum density. We then compared and explained the differences. ity. between GW Approximation and ground state momentum densities. Finally we use the. rs. momentum densities to construct the Compton profile. The profiles will be analyzed in terms of difference profiles and anisotropy. We end this section by discussing the. ni. ve. quasiparticle renormalization factor.. The late TMOs FeO, CoO and NiO are said to be the prototypical Mott insulators.. U. Above the Neel temperature, these oxides are paramagnetic insulators (Rodl et al., 2012). Below the Neel temperature they are known to be antiferromagnetic insulators where MnO and NiO have underestimated band gaps using LDA/GGA electronic structure calculations while FeO and CoO have been characterized as antiferromagnetic phased metals (Massida et al., 1997). Antiferromagnetic ordering is said to lower the symmetry of the FCC lattice in which certain lattices degenerated to paramagnetic state split by antiferromagnetic field at low temperature (Peter et al., 1993). In Section 4.2 of. 4. 

(23) Chapter 4., we are interested in studying the effects of a self-energy correction on the late TMOs. These effects can be studied by observing the smearing of the occupational number before and after the Fermi break. We account for the differences between LDA and GWA via the correlation correction. This correction is analogous to the LamPlatzman correction (LPC) which is defined as the difference between the occupation function for a non-interacting and homogeneous interacting electron gas, effectively estimating the correlation effects in the Compton profile. We can further analyze this. al ay a. promotion of electrons by studying the directional differences which is a measure of anisotropy. Anisotropy is strongly dependent on the Fermi surface and can be used to locate the position of oscillations in the Fermi surface.. monochalcogenides. are. the. prototype. M. Zinc. II-VI. semiconductors.. These. semiconductor compounds can be employed as the base materials for optical devices. of. such as visual displays, high density optical memories, transparent conductors, solid state laser devices, photodetectors, quantum dots, thermoreflectance, electroreflectance. ity. and solar cells. Due to its tremendous commercial value, a complete description of its. rs. electronic structure is essential. While ground state density functional theory (DFT) calculations based on the pseudopotential method is able to give accurate band gaps for. ve. group IV and III-V semiconductor materials , the ab-initio description of II-VI. ni. compounds is more complex than IV/III-V semiconductors due to sp-d orbital interaction. In this work, we firstly compared our ground state and excited state band. U. structure with previous results. We then proceed to obtain the spectral function and momentum distributions. With the momentum distributions, we then proceed to obtain the Compton profile. We discuss our calculations on these systems in detail in Section 4.3 of Chapter 4.. 5. 

(24) CHAPTER 2 : COMPTON PROFILES FROM FIRST PRINCIPLES : THEORETICAL BACKGROUND. In this chapter, we will discuss in detail the theories and models used to describe the Compton profile from first principles methods. We start with Section 2.1 which provides an overview of Compton scattering (Section 2.1.1 and Section 2.1.2) and its relation to momentum density (Section 2.1.3). We then discuss how the momentum density is. al ay a. obtained from DFT (Section 2.1.4) and discuss how it is influenced by the MarzariVanderbilt cold smearing (Section 2.1.5). Section 2.2 discusses how the Compton profile is obtained beyond the impulse approximation (Section 2.2.1) as discussed in Section 2.1. These methods are constructed from the Green's function (Section 2.2.2) to. M. obtain Hedin's GW Approximation (Section 2.2.3). With the energies from the GW Approximation, we can obtain the spectral functions which will be used to construct the. of. momentum density (Section 2.2.4). Now that we are able to construct the momentum density from both the ground state DFT and the excited state GW Approximation, we. ity. are able to construct their respective Compton profiles. We discuss methods to compare. rs. these two profiles in Section 2.3. We firstly discuss the Lam Platzman correction (Section 2.3.1) which allows us to directly compare the two methods via the Kubo's. ve. correlation correction (Section 2.3.2) which is similar to studying the difference profile. ni. in comparison with experimental Compton profiles. We finally discuss the anisotropy in Section 2.3.3. We end this chapter with a discussion on previous studies to obtain the. U. Compton profile via the GW Approximation.. 2.1 Compton Scattering : Physics and First-Principles Calculations. In this section, we will firstly define the kinematics of the inelastic scattering process. We show how the first and second order non-relativistic double differential scattering cross section (DDSCS) for charge scattering can be obtained in terms of the. 6. 

(25) Thomson cross section and the dynamic structure factor by expanding a semiempirical interaction Hamiltonian using Lehman's representation and standard second quantization tools.. We will then layout the Compton regime based on impulse. approximation which yields the fundamental relation between the DDSCS and momentum distribution of scattering electrons and finally describe the implementation of the impulse approximation in condensed systems. The formalisms and discussions used in these sections are presented in (Cooper et al.,2004; Cooper, 1985) and we have. al ay a. explicitly defined the derivation steps from that work.. 2.1.1 DDSCS and Kinematics. M. A typical inelastic scattering experiment consists of first producing a well collimated beam of monochromatic photons, select a solid angle element dΩ of scattered beam and. of. analyze the energy of this angle with a resolution dω. We layout the kinematics behind. ity. this Compton scattering experiment and outline the DDSCS in terms of a semi-. rs. empirical interaction Hamiltonian.. ve. In Figure 1.1 we show the schematics of a Compton scattering experiment. A photon of energy ħω1, wave vector k1 and polarization vector ε1 impinges on target I with initial. ni. energy EI then scatters as a photon of energy ħω2, wave vector k2 and polarization vector. U. ε2 leaving the target as state F and final energy EF. The energy. ℏ (ω1−ω2). (2.1). and momentum. ℏ (k 1−k 2). (2.2). 7. 

(26) are transferred to the target. As a result, the energy of the target due to energy conservation is. (2.3). ℏ ω=E F – E I. The modulus of transferred momentum is given by. 2. 2. al ay a. q=( ω1+ ω2−2 ω1 ω2 cos ϕ )½ /c. if. of. M. ω≪ω1. (2.5). (2.6). U. ni. ve. rs. ity. q≈2 k 1 sin(ϕ /2). (2.4). Figure 2.1: Compton scattering schematics.. Within the limits of a non-relativistic lowest order perturbation theory and neglecting resonance phenomena, the DDSCS which is a function of q and ω can be defined qualitatively as 2. d σ dσ 2= dΩ dΩd ω. ( ). Th. S(q , ω). (2.7). 8. 

(27) where. ( dd Ωσ ). (2.8) Th. is the Thomson cross section and. (2.9). al ay a. S (q , ω). is the dynamic structure factor. The dynamic structure factor reflects the properties of the target in absence of a perturbing probe (Platzman, 1974). The Thomson cross. M. section is the coupling to an electromagnetic (EM) field which is treated to the lowest order Born approximation (Hawkes et al., 1980). The DDSCS will allow us to learn. of. about the dynamic properties of matter from this inelastic scattering experiment and is a measure of probability (Olevano et al., 2012). We will show later that this term can be. ity. derived from the correlation function of an electron system undergoing scattering. rs. (Kubo, 1996).. ve. The non-relativistic DDSCS for charge scattering is defined by the Klein-Nishina cross-section for scattering from a single free electron at rest (Carlson et al., 1982). It is. ni. derived from a complete second order relativistic scattering cross section. The problem. U. with the relativistic total cross section is the mixed properties of probe with target. A non-relativistic DDSCS handles the coupling of the EM field to the scattering electron system. This is defined by a semiempirical interaction Hamiltonian. H i n t=∑ (e 2 /2 mc2) A(r j )2−∑ (e/mc) A(r j ) p j j. (2.10). j. 9. 

(28) where pj is the momentum operator. A(rj) is the vector potential operator of the EM field which expresses the photon creation and annihilation operators given by. A j=∑ {al A l (r j)+ a*l A †l (r j)}. (2.11). l. where. l. al ay a. A l (r j)=V −1 /2(4 π c 2)½ ϵ^l e(ik .r ) j. (2.12). The DDSCS can be obtained by expanding Hint using the Lehmann's representation. M. (Mattuck, 2012) and the standard second quantization tools to finally obtain. ⟨ F | ∑ exp(iq .r j )| I ⟩( ϵ^1 ϵ^2 ) j. ⟨F | ϵ^*2 ∑ p j exp(−i k 2 r j )| N ⟩ ⟨N | ϵ^1 ∑ p j exp(i k 1 r j )| I ⟩. ity. |. of. d2 σ d σ d ω2. ω 1 = ω12 r 2o ∑ − m ∑. j. E N −EI −ℏ ω 1+i Γ N /2 N −⟨ F | ϵ^1 ∑ p j exp(i k 1 r j )| N ⟩ ⟨ N | ϵ^*2 ∑ p j exp(−i k 2 r j )| I ⟩. ve. rs. F. j. j. E N −E I −ℏ ω2 ∗δ( E f −E i−ℏ ω). j. 2. |. ni. (2.13). U. Thus, for a non-resonant case, the dynamic structure factor is given by. S (q , ω)=∑ | ⟨F | ∑ exp (iq .r j) | I ⟩|2 δ (E F−E I −ℏ ω) F. (2.14). j. with the Thomson scattering cross section given by. 10. 

(29) (. dσ 2 * 2 ω ) =r o ( ϵ^1 . ϵ^2 ) ( ω21 ) d Ω Th. (2.15). In this formalism, the dynamic structure factor gives information on the dynamic behavior of scattering electron systems in terms of excitation from initial to final states. The delta function represents a combined density of initial and final states.. al ay a. The integral representation of the delta function reveals better information about the correlated motion of the scattering particles in the dynamic structure factor. It is given by. ∞. S (q , ω)=(1/2 π ℏ) ∫ dt e−i ωt ∑ ⟨I | ∑ e−iq .r | F ⟩⟨ F | e iHt/ ℏ ∑ e iq. r e−iHt /ℏ | I ⟩ j. j. j. (2.16). of. F. M. j. −∞. ity. The response of the system strongly depends on how 2π/q compares with the characteristic length lc and how ω compares with characteristic frequencies ωc . If qlc <. rs. 2π and ω≈ωc, the interference between waves scattered from many particles at different. ve. times is of importance. It is used to probe collective behavior of many particle systems. If qlc > 2π and ω>ωc , the waves scattered from different particles do not interfere,. ni. probing one particle at a time. In this range, the timescale of the probe is small enough. U. to prevent the system from rearranging itself. This is the impulse approximation of the Compton scattering regime.. 2.1.2 The Compton Scattering Regime and Impulse Approximation. The Compton scattering regime describes the inelastic scattering regime with high momentum and energy transfer. In the high momentum transfer region (i.e large enough to treat ejected electrons as a free noninteracting particle (Soininen et al., 2001) due to. 11. 

(30) slow electron probes (Huotari et al., 2007)), interference effects between waves scattered from different particles at different times are neglected. Thus, we are observing single particle properties specifically the same particle at different times. These time intervals are so short that the system does not undergo rearrangement during scattering. This requires an energy transfer greater than characteristic energies of the scattering system. For information on momentum density of valence electrons the energy transfer need not be as large as core electron information.. al ay a. In the impulse approximation, the DDSCS follows the assumption that energy and momentum transfer is valid only for the Compton scattering regime. Starting from the Hamilton operator. M. H=H o +V. (2.17). ity. of. We expand from Equation 2.9 the term. e iHt =e i H t ei V t e−[ H. 2. o. ,V ]t / 2 ℏ. 2. (2.18). rs. O. ve. As mentioned above, if the energy and momentum transferred from the probe is larger than the binding energy of the sample , the impulse approximation is valid and the. ni. measured spectra takes into account core and valence electron binding energy (Huotari. U. et al., 2010). In analytical terms,. ℏ ω≫(⟨[H o ,V ]⟩)1/ 2. (2.19). which gives. e−i[ H. 2. o. ,V ] t /2 ℏ. 2. ≈1. (2.20). 12. 

(31) This is valid if the transferred energy is larger compared with the characteristic energies of the system. We then insert Equations 2.18 and 2.20 to 2.16 to obtain. d2 σ dσ 1 =( ) ( )∫ dt e−i ω t ⟨I | e−iq .r ei (H +V )t / ℏ e iq .r e−i (H +V )t /ℏ | I ⟩ d Ω d ω2 d Ω Th 2 π ℏ o. o. (2.21). ⃗r V −V ⃗r =0. dσ 1 −i ωt −iq .r i(H ) ( ) dt e ⟨ I | e e d Ω Th 2 π ℏ ∫. o. )t /ℏ. iq. r −i (H o)t / ℏ. (2.23). e. e. |I ⟩. of. =(. (2.22). M. We obtain. al ay a. Since r commutes with V,. ity. Since the kinetic energy operator corresponds to a complete set of eigenfunctions pF ,. rs. we can write Equation 2.23 as. (2.24). ni. ve. d2 ω dσ 1 =( ) ( )∫ dt e−i ω t ⟨I | e−iq .r e iq .r | p F ⟩ e−i ϵt / ℏ ei ϵ t /ℏ 2 d Ω Th 2 π ℏ dΩd ω. U. Placing in the delta-function. =(. dσ 1 −iq .r 2 ) ( ) dt | ⟨ I | e | p F ⟩ | δ(ϵ( p F )−ϵ( p F−ℏ q)−ℏ ω) d Ω Th 2 π ℏ ∫. (2.25). From the kinetic energy operators. ϵ(p F )=ϵ( p+ ℏ q)=( p2 +2 ℏ p . q+ ℏ q2 )/2 m. (2.26). 13. 

(32) Thus,. d2 σ dσ 1 2 2 2 ) ( )∫ | ⟨ I | p⟩ | δ (ℏ q /2 m+ℏ p . q /m−ℏ ω) dp =( 2 d Ω 2 π ℏ dΩd ω Th. (2.27). The momentum space wave function is the Fourier transform of the position space wave. ρ( p)=(1/ 2 π ℏ)3 | ⟨ I | p ⟩ |2=| χ ( p)|2 =(1/ 2 π ℏ)3 |∫ ψ(r )e−(ip. r /ℏ ) dr |2. al ay a. function. (2.28). M. It gives the probability of finding the initial electron with momentum p.. of. If the delta function in Equation 2.27 is true. ℏ q2 ωm ℏ q m – = ( ω− ) q 2 q 2m. (2.30). U. ni. p .q=. (2.29). rs. ve. We obtain,. ity. ℏ 2 q 2 /2m+ℏ p . q /m – ℏ ω=0. where. q=( ω21+ ω22−2 ω1 ω2 cos ϕ )½ /c. (2.31). Thus. 14. 

(33) ℏ(ω21+ ω22−2 ω1 ω2 cos ϕ ) mc{ω− } 2 mc2 = (ω21+ ω22−2 ω1 ω2 cos ϕ )1/ 2. Multiply by. (2.32). ℏ ℏ. al ay a. ℏ2 mc{ℏ ω1−ℏ ω2 – (ω 21+ ω22−2 ω1 ω2 cos ϕ )} 2 2 mc = 2 2 2 2 (ℏ ω1 +ℏ ω 2−2 ℏ2 ω1 ω2 cos ϕ )1/ 2. M. Add. (2.34). of. −2 ω1 ω2 +2 ω1 ω2. (2.33). ity. to the third term. (2.35). ve. rs. ℏ2 mc{ℏ ω1−ℏ ω2 – (ω 21+ ω22−2 ω1 ω2 +2 ω1 ω 2−2 ω1 ω2 cos ϕ )} 2 2 mc = (ℏ2 ω21 +ℏ 2 ω 22−2 ℏ2 ω1 ω2 cos ϕ )1/ 2. U. ni. Omitting. ℏ2 (ω 1−ω2 )2 2 mc2. ℏ2 mc{ℏ ω1−ℏ ω2 – (1−cos ϕ )} 2 mc 2 = 2 2 2 2 (ℏ ω1+ ℏ ω2−2 ℏ2 ω1 ω 2 cos ϕ )1 /2. (2.36). (2.37). 15. 

(34) Thus, Equation 2.25 can be simplified to. d2 σ dσ 2 =( d Ω )Th (m/ℏ q)∫∫ ρ( p x , p y , p z= p q) dp x dp y dΩd ω dσ =( d Ω ) (m/ℏ q)J ( pq ) Th. (2.38). al ay a. where. J ( pq )=∫∫ ρ( px , p y , p z)d p x d p y. M. is the directional Compton profile.. (2.39). The essence of impulse approximation thus consists of replacing the initial and final. of. state energies in the argument of the delta-function by the kinetic energy because the potential, V commutes with r. This assumes the electron to be free with momentum pF. ity. in its final state and the momentum is conserved. However, the bonding of the electron. rs. to the scattered atom , V is not completely neglected and can be accounted for via ρ(p). If we define the system as single-particle wavefunction i(rj), each scattering process. ni. ve. will involve only one-particle of the system.. We have thus observed that under the impulse approximation, the Compton profile is. U. the projection of electron momentum density which can be deduced by the DDSCS (Sternemann et al., 2000). This cross section of inelastic x-ray scattering at high momentum transfer limit is related to the electronic ground state wave function and is the key observation in the study of Fermiology. In Section 2.2, we will show that it is possible to observe quasiparticle peaks, satellite structure, discontinuity and renormalization factor from the momentum density which can be used to obtain insight on electron-electron correlation around the Fermi surface break. To study these ground. 16. 

(35) state correlation effects, the momentum space resolution must be maximized while the final state effects must be minimized (Huotari et al., 2007). In this work, Huotari investigated the effects of not obeying the impulse approximation by studying the broadening of the experimental spectra to obtain the Fermi surface. It outlines the experimental motivations behind using the GWA to study the Fermi surface via Compton profile.They found that the Compton profile peak height has been found to be lower than theoretically predicted and this is said to be due to correlation effects. The. al ay a. features from the Fermi surface from experiment is observed to be broader compared to LDA+GWA calculations. This could be accounted for by using the antisymmetrized germinal product.. M. The impulse approximation however breaks down for tightly bound core electrons where even at high momentum and energy transfers, the binding energy of the excited. of. core electron to its core neighbors will be too strong to neglect (Soininen et al., 2001). Besides core electrons, final state electrons are also an indication that the impulse. ity. approximation is not obeyed (Sternemann et al., 2000). Improvement on scattering. rs. intensity of the Compton scattering experiment allows a comparison of the Compton profile which is closer to the model which assumes impulse approximation. In an earlier. ve. work, Platzman (1970) observed that a 10 keV probe can explain ground state electron. ni. behavior within the impulse approximation. In a later study, it is observed that applying x-ray energies between 16-18 keV shows that a small increase in probing X-ray energies. U. reduces the influence of the spectral functions significantly (Huotari et al., 2007). They observed that even if an intense probing energy of ~10 keV was applied, there is still broadening in the spectral function compared to the Fermi energy of 14.3 eV. This is also seen in probes with a momentum resolution of 0.02 a.u (Soininen et al., 2001). They conclude that the lifetime width of the spectral function reacts slowly compared to the change of the momentum and energy transfer of the probing energies. However, (Soininen et al., 2001) observed that at 30 keV, final state effects are negligible.. 17. 

(36) EELS, LEED, XAS etc. also demand detailed knowledge of electron scattering, inelastic mean free path (IMFP) and dielectric response of medium probed. Bourke (Bourke et al., 2012) introduced a causally constrained momentum dependent broadening theory providing electronic/optical resonances in better agreement with optical attenuation and electron scattering data. Specifically, they developed a theory to calculate the electron IMFP in the low energy region (< 100 eV). With their model, they could probe effects of a free electrons material with a single dominant resonance peak. al ay a. or complex electron system with many optical resonances. Existing models of dielectric response systematically overestimate IMFP due to poor account of lifetime broadening or exchange correlation effects.. M. They begin with the optical data model used by Tanuma (Woicik et al., 2016). It. ity. ∫ ∫ I m ϵ(q−1, ω) dq d ω 0. (2.40). q. rs. ℏ λ (E)−1= a π E o. ( E−E F ) qt ℏ. of. deals with the determination of electron loss function related to IMFP,. ve. The electron loss function is represented as susceptibility to plasmon excitation of a given energy and momentum. It is defined as the relative probability of an excitation of. ni. energy and momenta propagating in a medium. λ is thus obtained from the momentum. U. dependent dielectric function. The complex dielectric function is a fundamental material parameter determining optical and electronic scattering behavior of the medium. λ is however obtainable only for the case of the free electron gas. Thus, its resonance behavior can be described by the Lindhard theory for lossless free electron gas or Mermin theory which accounts for lifetime broadening.. 18. 

(37) The optical data model is given by the momentum dependent electron loss function of a solid which is constructed by summing the free electron gas type resonances matching optical behavior of materials.. 1 I m[− ϵdata ]=∑ of I A I I m. −1 ϵ FEG (0 , ω ; ω p= ωi). (2.41). Thus the free electron gas optical loss function is obtain from the single resonance peak. al ay a. at optical limit of the plasmon frequency ωp. Lindhard type functions model resonance described by delta functions. This is unphysical due to lack of lifetime broadening. The Drude/Mermin approach includes an additional lifetime broadening for each plasmon/scattering resonance. This implies that Drude/Mermin approaches are many. M. pole models. Authors have shown that low and medium energy ELFs and IMFPs are not. of. consistent and have not converged to a unique result. It does not preserve the local electron number in the electron loss function which disagrees with Kramers-Kronig sum. ity. rule. Bourke (Bourke et al., 2015) later introduced an alternative description of the. rs. Lindhard equation which preserves the sum rule.. ve. 2.1.3 Momentum Density. ni. Fundamentally important to solid state physics is the shape of the momentum density. U. near the Fermi surface. The momentum density is defined as the probability to observe electron with momentum, p (Huotari et al., 2010). As shown in Equation (2.39), assuming the impulse approximation, the Compton profile gives a two component average of the 3-d momentum density taking intrinsic inhomogeneities and Coulomb correlation into account (Lam et al., 1974). These profiles are thus built up from slices through the Fermi surface of radius, pF in momentum space. In the case of the ideal Fermi gas of free noninteracting electrons, the momentum density is given by the Fermi-Dirac distribution. At equilibrium at zero temperature, a step function with a. 19. 

(38) discontinuity of slope 1 at the Fermi surface sphere is observed and is attributed to collisions between electrons.. This is reflected experimentally where the Compton. profile will have a discontinuity in the first derivative of the Fermi break (Huotari et al., 2010). This derivative discontinuity of the Compton profile is an unambiguous quantification of the level of correlation (Olevano et al., 2012).. Broadened excitation spectra and smoothened discontinuity of the momentum. al ay a. density at the Fermi break causes anomalously large smearing of the Compton profile. It can be explained as an incomplete incorporation of electron-electron correlation effects in momentum density (Soininen et al., 2001). This refers to the case of the Fermi liquid where the momentum density departs from the step function and a spill out of density. M. from lowest to highest momenta is observed. This make the momentum density which is expected to follow a step function due to a non-interacting system be a continuous. and a delta peak is obtained. of. function. In a normal Fermi liquid, if excitations are dampened, broadening vanishes (Olevano et al., 2012). An example would be the. ity. interaction of scattering electron and the rest of an electron gas causing further. rs. broadening of measured Compton profiles (Huotari et al., 2010). In this situation, the probability to observe an electron above the Fermi momenta is finite above the zero. ve. temperature. Thus, measuring momentum density can provide direct evidence of Fermi. ni. liquid behavior. Specifically, one can obtain information on the shape of the Fermi surface and thus study short range electron-electron and electron ion collision which can. U. be accounted for by correlation and the jump magnitude. These terms represent a direct measure of strength of quasiparticle excitations at the Fermi surface (Olevano et al., 2012). Furthermore, experimental observation of the momentum density allows to compare accuracy of approximate many body wave functions.. In previous studies of momentum density smearing, (Huotari et al., 2007), Huotari studied the impact of the impulse approximation to experimental data. Experiment. 20. 

(39) shows the obtained Fermi surface to be sharp, however the theoretical spectra is broadened. This can be attributed to correlation effects. Peter (Peter et al., 1993), has pointed out that the solution to the two particle momentum density restores cyllindrical symmetry unavailable to the solution of a Hamiltonian in Landau gauge. This allows comparison to spread in angle of annihilation radiation which is wide enough that different n-states under the Fermi sphere or Fermi cylinder are smeared. This smearing is determined by a perturbing potential which gives a break of angular width instead of. al ay a. the sharp Fermi break. Barnes (Barnes et al., 1991) has also mentioned that spinon and holon effects change superconduction ordering which smears out a sharp Fermi surface in the state. In this work, we have adopted the quasiparticle description for interacting fermions D>1. At D=1, it is non-analytic at mass shell. This is reflected in the. M. perturbation theory the spectral function. This can be solved by the Tomonaga-Luttinger liquid model which rewrites the fermionic fields in terms of bosonic fields (Imambekov. of. et al., 2012). In this case, the dispersion curvature of the structure factor in a Luttinger liquid is treated as a perturbation. For free fermions, the peak is narrow and non-. ity. analytical at the curvature. We can thus write the Hamiltonian for the linear Luttinger. rs. liquid as. (2.42). ni. ve. H=H kin + H i n t =A [( δx ψ[ L])2+( δ x ψ[ L])2 ]+ B δ x ψ L δx ψR. U. where. V A=V L L + 2F or. V V RR + 2F. and B=2 V L R. (2.43). Diagonalization would give. H=V /2[( δx ψ[ L])2 +( δx ψ[ L])2 ] 2 =exp(−1/2 α R ⟨( ψR (x , t)− ψ R (0,0)) ψR (0,0)⟩ H ). (2.44). 21. 

(40) where the correlation function can be simplified to. ⟨( ψR (x , t)− ψR (0,0)) ψR (0,0)⟩=ln[( x 0 vt )/x o ]. (2.45). For non-linear Luttinger liquids, the excitation energies at any given momentum are finite. This results in low energy dynamics at an arbitrary momentum which allows power law threshold singularities in the response functions. This allows us to write the. V dx (( Δ ψ L )2+(Δ ψR )2 ) 2π∫. M. H o=. al ay a. mapping on free chiral fermions as. H d =dx d† (x)( ϵ (k) – I v d δδ ). of. x. (2.47). (2.48). ity. ψ ψ H i n t=∫ dx(V L Δ 2 πL – V R Δ 2 πR )d( x ) d † ( x ). (2.46). rs. where Ho describes free chiral (L,R) fermions, Hd describes the impurity and Hint the. ve. forward scattering of L and R fermions off impurity. This allows us to write the spectral. U. ni. function in terms of. 1 A (k , ω )=Θ( ϵ (k )−ω ) ϵ (k )− ω. |. 2. 1−. |. 2. ( δ (k)) δ(k) −( ) 2π 2π. (2.49). where. δ ϵ (k) v k δ ϵ (k ) (1/ √(k )( m − )± √ (k )(1/ π + )) δ±¿ ( k ) δ (k ) δ ( p) k = ¿ 2π δ ϵ (k ) 2(± – v) δk. (2.50). 22. 

(41) Setting k=±kF will thus resort to broadened mass shell states, holons or spectral edge states, spinons. Barbiellini (Barbiellini, 2000) obtained the occupation numbers from natural orbital eigenvalues of single Kohn-Sham energy bands. This eigenvalue contains the pairing term which is obtained by the Kohn-Sham exchange integral. The pairing term is constructed from a two particle spin singlet function called a generating geminal with coefficients obtained from a Cooper-pair like function. With this construct a correlation effect is introduced and can be adjusted to produce a smearing in momentum. al ay a. space of 0.07 a.u. Recently, Aguiar (Aguiar et al., 2015) confirmed the importance of the pairing correlations by showing that the reason fitting parameters of the momentum density obtained from a semi-empirical approach for Li, B and C differs from its other column members in the periodic table is due to the existence of significant pairing. M. correlations in the ground state identified in terms of electron transfers from s to p like character. Besides many body effects, quantum confinement effects also smear the. of. momentum density. This is seen in (Saniz et al., 2002) study of Compton scattering and positron annihilation of a simple quantum dot model. They observe that the momentum. ity. density tends to a homogeneous electron gas step function as dot radii increases but has. rs. increased structure at small radii. At low electron densities, the atomic-like form of. ve. wavefunction becomes evident and at higher electron densities the dot Fermi momenta is represented by the homogeneous electron gas value. Compton scattering is also. ni. useful for studying spin systems where metals with highly isotropic momentum density. U. are most suited for study via Compton scattering. The momentum density is a quantity showing direct evidence of the Pauli principle (Olevano et al., 2012). If we know the momentum density per spin state, we can observe a basic many body observable dependent on the Pauli principle (Huotari et al., 2010).. 23. 

(42) 2.1.4 Electron-Electron Interaction. The momentum density is a term which can be obtained from first principles calculations. In this work, we have employed the DFT (Hohenberg et al., 1964; Kohn et al., 1965) and DFT based calculations to obtain the momentum density. In this section we outline the formalism behind DFT which is able to predict the total energy of a system of electrons and nuclei. Hamiltonians constructed to calculate the total energy of. al ay a. a one atom system can be used to model real atomic systems while more complicated systems are linearly combined extensions of atomic Hamiltonians. With the total energy or differences between total energies one can obtain the equilibrium lattice constant of a crystal, surface and defect states, bulk moduli, phonon states, piezoelectric constants. M. and phase transition pressures and temperatures. The formalism and discussions for this. of. section are obtained from the review paper by Payne (Payne et al., 1992).. According to the Born-Oppenheimer approximation (Sholl et al., 2011), due to large. ity. differences in mass between electrons and nuclei, electrons respond instantaneously to. rs. the motion of nuclei. Thus, nuclear coordinates are treated separately from electron coordinates in the many body wave function. Based on the Born-Oppenheimer. ve. approximation comes DFT which can be used to model electron-electron interaction. It. ni. allows to map exactly a strongly interacting electron gas onto a single particle moving. U. in an effective nonlocal potential.. It is a nontrivial problem in electronic structure calculations to account for effects of. electron-electron interaction specifically exchange and correlation between electrons. The exchange term originates from the antisymmetry of the electron wavefunction. It produces a spatial separation of the same spin electron which reduces Coulombic energy. This reduction of energy is referred to as exchange energy (Jones et al., 1989). The correlation energy is defined as the difference between the many body energy of an. 24. 

(43) electronic system and its energy via the Hartree-Fock approximation (Payne et al., 1992). DFT is a widely used method for calculating ground state properties and electronic structure of solids. It is a simple method to describe the effects of exchange and correlation in an electron gas. It is built upon the Hohenberg-Kohn theorem and the Kohn-Sham (KS) equation. The Hohenberg-Kohn theorem states that the total energy of an electron gas is a unique functional of an electron density. The minimum value of this total energy functional is the ground state energy of the system and its electron density. al ay a. is the exact single particle momentum density. In practice, this can be done by replacing the many electron problem with an exactly equivalent set of self-consistent one-electron equations. Starting from the Kohn-Sham equation,. (2.51). of. M. −ℏ2 [ +V ion ( r)+V H (r )+ V xc (r )] ψi ( r)=Ei ψi (r ) 2m. where the Hartree potential, VH(r)and the exchange correlation potential, VXC(r) is given. rs. ity. by. n( r ') 3 d r' | r−r ' |. and V xc ( r)=. δ E xc [n(r )] δ n(r ). (2.52). ve. V H (r)=e2 ∫. ni. The KS equation gives a self-consistent solution as wave functions which minimize the. U. Kohn-Sham total energy functional. It represents a mapping of interacting many electron systems onto noninteracting electrons moving in an effective potential due to other electrons. The total energy functional is given by. ℏ2 2 3 3 E[ ψi]=2 ∑ ∫ ψi −2m ∇ ψi d r +∫ V ion (r )n(r ) d r i e2 n( r) n(r ' ) + 2 ∫ | r −r ' | d ⃗r d ⃗r '+ E xc [ n(r )]+ Eion (R I ). (2.53). 25. 

(44) where Vion(r) is the static electron-ion potential, EXC[n(r)] are the exchange correlation functional and Eion(RI) is the Coulomb energy between the nuclei. The simplest method to describe the exchange correlation energy is the localized density approximation (LDA) (Kohn et al., 1965). It describes the exchange correlation energy per electron in a homogeneous electron gas which has the same density as the electron gas at point r. It is given by. al ay a. E xc [n(r )]=∫ ϵ xc (r)n(r ) d 3 r. (2.54). where εXC(r) is the exchange correlation energy at point r in the electron gas. The LDA. M. ignores correction to EXC(r) due to inhomogeneities in the electron density.. As stated previously, only the minimum of the Kohn-Sham energy functional has. of. physical meaning. This energy is equal to the ground state energy of a system with. ity. electrons of ions at positions RI. The KS equations are solved self-consistently. We can then obtain the occupied electronic states, the charge density and the electronic. rs. potential. The highest occupied eigenvalue in an atomic/molecular calculation is equal. ve. to the unreleased ionization energy of the system. The wavefunctions used are solutions of one-electron Schrodinger equation which includes exchange and correlation in the. ni. form of local potential. The solution to the KS equation is not a one-particle wave. U. function. It cannot be used to simply calculate momentum density, only ground state position electron density.. 2.1.5 Finite Temperature DFT. The electron density can be deduced from a ground state calculation while the momentum density is obtained from. 26. 

(45) n. n( p)=∑ ni | ψi ( p)|2. (2.55). i=1. which is the Fourier transform of real-space one electron wavefunction, Ψi and occupation number, ni . For our work, the occupation number density is written in terms of an entropy function which results in a smeared occupation number density. This description is based on the finite temperature DFT technique of Marzari-Vanderbilt. al ay a. which we elaborate on in this section. We point out that we follow the interpretation of Luttinger and Schulke who have stated that the momentum distribution function is defined as the mean occupation number of the state k (Luttinger, 1960; Schulke et al.,. M. 1996).. Marzari (Marzari, 1996; Marzari et al., 1997; Marzari et al., 1999) introduced a. of. reformulation of finite temperature electronic structure. They define an invariant free energy functional with respect to unitary transformation which allows a projected. ity. functional which is dependent only on orbitals where its one particle statistical operator. rs. commutes with the non-self consistent Hamiltonian. The subsequent minimization to self-consistency of the functional does not depend on occupations and rotations of. ve. orthonormal orbitals and requires doubly preconditioned all-band conjugate gradient. ni. methods. Each iteration will ensure that the statistical operator commutes with the. U. current orbital representation of the Hamiltonian.. Finite temperature DFT requires an ad-hoc procedure for updating the orbitals in the. occupied subspace. The evolution of occupancies is driven by rescaled diagonal elements of the Hamiltonian. It is expressed in terms of statistical mechanics based operators and traces. The Helmholtz free energy functional. 1 A [Γ N ]=tr Γ N ( ln Γ N + H^ ) β. (2.56). 27. 

(46) where ΓN is the many body operator, is rewritten as. A [T ; {ψi }; {f i }]=∑ f ji ⟨ ψi | T^ l + V^nl | ψ j ⟩+ E xc [n]−TS [f ij ]. (2.57). ij. The wavefunction should be normalized and orthogonal while the trace f should be equal to N number of electrons. With this functional, one can obtain a rotation invariant. al ay a. projected functional. G[T ; {ψi }]=min A [T ; {ψi}; {f i }]. (2.58). M. The functional G is brought to self-consistency with a minimization with respect to the wavefunctions. After each iteration, the fij are updated to minimize A. Using the. of. notation. (2.59). rs. ity. hij =⟨ ψi | T^ l + V^ nl | ψ j ⟩ and V nij =⟨ψi |V nxc | ψi ⟩. ve. we can write the minimum conditions for A as. (2.60). U. ni. δE δA δS =hij + xc −T −μ δij δ f ji δ f ji δ f ji =hij +V nij−T [ S ' (f )]ij −μ δij =0. The third term contains the Fermi-Dirac entropy derivative written in terms of occupation numbers calculated by diagonalizing f. The fourth term is the Lagrange multiplier. With this term, one can obtain the smearing technique for the density of states which is dependent on the entropic term in the total energy functional.. 28. 
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